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GLOBAL EXISTENCE OF STRONG SOLUTIONS TO
INCOMPRESSIBLE MHD
HUAJUN GONG AND JINKAI LI
Abstract. We establish the global existence and uniqueness of strong solutions
to the initial boundary value problem for the incompressible MHD equations in
bounded smooth domains of R3 under some suitable smallness conditions. The ini-
tial density is allowed to have vacuum, in particular, it can vanish in a set of positive
Lebessgue measure. More precisely, under the assumption that the production of
the quantities ‖√ρ
0
u0‖2L2(Ω)+‖H0‖2L2(Ω) and ‖∇u0‖2L2(Ω)+‖∇H0‖2L2(Ω) is suitably
small, with the smallness depending only on the bound of the initial density and
the domain, we prove that there is a unique strong solution to the Dirichlet problem
of the incompressible MHD system.
1. Introduction
Magnetohydrodynamics (MHD for short) is the study of the interaction between
magnetic fields and moving conducting fluids, which can be described by the following
system
ρt + div(ρu) = 0, (1.1)
ρ(ut + (u · ∇)u)− µ∆u+∇p = (∇×H)×H, (1.2)
Ht − λ∆H = ∇× (u×H), (1.3)
divu = divH = 0, (1.4)
where ρ = ρ(x, t) ∈ R+ denotes the density, u = u(x, t) ∈ R3 the fluid velocity,
H = H(x, t) ∈ R3 the magnetic field, p = p(x, t) ∈ R the pressure, positive constant
µ is called the kinematic viscosity and positive constant λ is called the magnetic diffu-
sivity. Usually, we refer to equation (1.1) as the continuity equation, which represents
the conservation lass of the mass, to (1.2) as the momentum conservation equation.
Equation (1.3) is a considerably simplified version of the well known Maxiwell’s equa-
tions (see [1, 2, 5]) by dropping Gauss’s law and ignoring the displacement currents,
and it’s sometimes called the induction equation. As for the constraint divH = 0, it
can be seen just as a restriction on the initial value H0 of H since divHt = 0. Note
that, using the condition (1.4), equations (1.2) and (1.3) can be rewritten as
ρ(ut + (u · ∇)u)− µ∆u+∇p = (H · ∇)H,
Ht + (u · ∇)H − λ∆H = (H · ∇)u.
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There are a lot of literatures on the study of MHD. Global existence of weak solu-
tions to the homogeneous incompressible MHD were proven in [3] and [4] long time
ago, the density dependent case was later proven in [5] by using Lions’s method [6].
The corresponding results on the global existence of weak solutions to the compress-
ible MHD are proven in [8–10, 13] by using the method exploited in [7] (see also
[11, 12]), where in [8] the isentropic case is considered, while in [9, 10, 13] the non-
isothermal model is considered. Local existence and uniqueness of strong solutions
can be found in [14] and [15] for the incompressible model. In [17] and [18] for the
compressible model, where in the last three papers the non-isothermal model are con-
sidered. Global existence and uniqueness of strong solutions to the incompressible
MHD with vacuum for two dimensional case are proved in [16], recently, and this work
is new even for the inhomogeneous incompressible Navier-Stokes equations, however
the three dimensional case is proven in [19] with small initial data and away from
vacuum. Later the regularity criteria for the solution to the 3D MHD are proved in
[21–23].
One of the most important question for system (1.1)–(1.4) is to prove the global
existence and uniqueness of solutions (ρ, u,H) satisfying the initial condition
(ρ, u,H)|t=0 = (ρ0, u0, H0) in Ω, (1.5)
and boundary conditions
u|∂Ω = 0, H · n|∂Ω = 0, (∇×H)× n|∂Ω = 0, (1.6)
where n is the unit outward norm vector on ∂Ω.
The aim of this paper is to prove the global existence and uniqueness of strong
solutions to system (1.1)–(1.6) with the initial data being allowed to have vacuum.
For 1 ≤ p ≤ ∞, we denote by ‖u‖p the Lp(Ω) norm of the function u. The definition
of strong solution is stated in the following:
Definition 1.1. We call (ρ, u,H) a strong solution to the system (1.1)–(1.6) on
(0, T ) if (ρ, u,H) satisfies (1.1)–(1.4) a.e. in Ω × (0, T ) for some pressure function
p, and satisfies the initial condition (1.5) and boundary condition (1.6), with the
regularity
ρ ∈ L∞(QT ) ∩ L∞(0, T ;H1(Ω)), ρt ∈ L∞(0, T ;L2(Ω)),
u ∈ L∞(0, T ;H10(Ω) ∩H2(Ω)) ∩ L2(0, T ;W 2,6(Ω)),
H ∈ L∞(0, T ;H2(Ω)) ∩ L2(0, T ;W 2,6(Ω)),
ut, Ht ∈ L2(0, T ;H1(Ω)), √ρut, Ht ∈ L∞(0, T ;L2(Ω)).
Our main result is stated bellow:
Theorem 1.1. Let Ω be a bounded smooth domain in R3 and ρ¯ a positive number.
Assume that the initial data (ρ0, u0) satisfies the conditions
0 ≤ ρ0 ≤ ρ¯, ρ0 ∈ H1(Ω), u0 ∈ H10 (Ω) ∩H2(Ω), H0 ∈ H2(Ω)
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and the compatibility condition
divu0 = divH0 = 0, H0 · n|∂Ω = 0, (∇×H0)× n|∂Ω = 0,
∆u0 + (H0 · ∇)H0 −∇p0 = √ρ0g0 in Ω
for some (p0, g0) ∈ H1(Ω)× L2(Ω).
Then there is a positive constant ε0 depending only on ρ¯ and Ω, such that, if
(‖√ρ0u0‖22 + ‖H0‖22)(‖∇u0‖22 + ‖∇H0‖22) ≤ ε0, (1.7)
then the system (1.1)–(1.6) has a unique global strong solution.
Remark 1.1. The quantity (‖√ρu‖22+ ‖H‖22)(‖∇u‖22+ ‖∇H‖22) is scaling invariable
under the scaling transform
ρλ(x, t) = ρ(λx, λ
2t), pλ(x, t) = λ
2p(λx, λ2t),
uλ(x, t) = λu(λx, λ
2t), Hλ(x, t) = λH(λx, λ
2t),
and thus Theorem 1.1 can be viewed as a result on the global existence of strong
solutions with vacuum in critical space. It seems that this is the first result in this
direction, even for the Navier-Stokes equations.
2. Proof of Theorem 1.1
Throughout this section, we denote
‖√ρ0u0‖22 + ‖H0‖22 = C20 .
Definition 2.1. A finite time T∗ is called the finite blow-up time if
Φ(T ) <∞ for all 0 ≤ T < T∗ and lim
T→T∗
Φ(T ) =∞,
where the function Φ(T ) is given by
Φ(T ) = sup
0≤t≤T
(‖(∇ρ, ρt)‖2 + ‖(u,H)‖H2 + ‖Ht‖2 + ‖√ρut‖2)
+
∫ T
0
(‖(u,H)‖2W 2,6 + ‖(ut, Ht)‖2H1)dt.
We will use the following lemma, which states the local existence and blow up
criterion of the local strong solutions.
Lemma 2.1. (See [14]) Under the conditions of Theorem 1.1 (here we do not need
the smallness condition), there hold
(i) (Local existence) there exists a small time T∗ and a unique strong solution on
(0, T∗),
(ii) (Blow-up criterion) T∗ is the finite blow-up time of (ρ, u,H) if and only if∫ T
0
‖(∇u,∇H)‖82dt <∞ for all 0 < T < T∗, and
∫ T∗
0
‖(∇u,∇H)‖82dt =∞.
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To proof the global existence of strong solutions, we need to extend the local strong
solution given in the above lemma to be a global one. For this purpose, we need do
some a priori estimates on the local strong solutions. The following two lemmas give
the energy estimates on the strong solutions, where the first one concerns the basic
energy estimates, while the second one concerns the higher order estimates.
Lemma 2.2. Let (ρ, u,H) be a strong solution to system (1.1)–(1.6) on (0, T ). Then,
there holds
(‖√ρu‖22 + ‖H‖22)(t) +
∫ t
0
(‖∇u‖22 + ‖∇H‖22)ds ≤ C(‖
√
ρ0u0‖22 + ‖H0‖22)
for any t ∈ (0, T ).
Proof. Multiply (1.2) by u and integrate over Ω, by the aid of (1.1), we obtain after
integration by parts that
d
dt
∫
Ω
ρ
2
|u|2dx+
∫
Ω
|∇u|2dx =
∫
Ω
(H · ∇H) · udx = −
∫
Ω
(H · ∇)u ·Hdx. (2.1)
Recall the boundary condition (1.6) and the identity ∆H = ∇divH −∇× (∇×H),
it follows from integrating by parts that
−
∫
Ω
∆H ·Hdx =
∫
Ω
[∇× (∇×H)−∇divH ] ·Hdx =
∫
Ω
∇× (∇×H) ·Hdx
=
∫
∂Ω
(∇×H ×H) · ndS +
∫
Ω
|∇ ×H|2dx
=−
∫
∂Ω
n× (∇×H) ·Hds+
∫
Ω
|∇ ×H|2dx =
∫
Ω
|∇ ×H|2dx.
Multiply (1.3) by H and integrate over Ω, then it follows from the above identity
that
d
dt
∫
Ω
|H|2
2
dx+
∫
Ω
|∇ ×H|2dx =
∫
Ω
(H · ∇)u ·Hdx. (2.2)
Summing (2.1) with (2.2) up, and integrating the resulting equation with respect to
t, we obtain∫
Ω
(ρ|u|2 + |H|2)dx+ 2
∫ t
0
∫
Ω
(|∇u|2 + |∇ ×H|2)dxds =
∫
Ω
(ρ0|u0|2 + |H0|2)dx,
and then by using [20], we have
(‖√ρu‖22 + ‖H‖22)(t) +
∫ t
0
(‖∇u‖22 + ‖∇H‖22)ds ≤ C(‖
√
ρ0u0‖22 + ‖H0‖22),
completing the proof. 
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Lemma 2.3. Let (ρ, u,H) be a strong solution to system (1.1)–(1.6) on (0, T ). Then,
there holds
sup
0≤s≤t
(‖∇u‖22 + ‖∇H‖22) +
∫ t
0
(‖∇2u‖22 + ‖∇2H‖22)ds
≤2(‖∇u0‖22 + ‖∇H0‖22) + C sup
0≤s≤t
(C20‖∇u‖42 + C0‖∇H‖32)
+ CC0 sup
0≤s≤t
(‖∇u‖2 + ‖∇H‖2)
∫ t
0
(‖∇2u‖22 + ‖∇2H‖22)ds
for any t ∈ (0, T ).
Proof. Multiplying (1.1) by ut and integration by parts yields
d
dt
∫
Ω
|∇u|2
2
dx+
∫
Ω
ρ|ut|2dx
=
∫
Ω
[(H · ∇)H · ut − ρ(u · ∇)u · ut]dx = −
∫
Ω
[ρ(u · ∇)u · ut + (H · ∇)ut ·H ]dx
=− d
dt
∫
Ω
(H · ∇)u ·Hdx+
∫
Ω
[(Ht · ∇)u ·H + (H · ∇)u ·Ht − ρ(u · ∇)u · ut]dx
≤− d
dt
∫
Ω
(H · ∇)u ·Hdx+
∫
Ω
(
1
2
ρ|ut|2 + 1
4
|Ht|2
)
dx+ 4
∫
Ω
(|H|2|∇u|2 + ρ|u|2|∇u|2)dx,
and thus
d
dt
∫
Ω
( |∇u|2
2
+ (H · ∇)u ·H
)
dx+
∫
Ω
ρ|ut|2dx
≤
∫
Ω
(
1
2
ρ|ut|2 + 1
4
|Ht|2
)
dx+ 4
∫
Ω
(|H|2|∇u|2 + ρ|u|2|∇u|2)dx. (2.3)
Multiplying (1.3) by Ht and integration by parts yields
d
dt
∫
Ω
|∇H|2
2
dx+
∫
Ω
|Ht|2dx =
∫
Ω
[(H · ∇)u− (u · ∇)H ]Htdx
≤1
4
∫
Ω
|Ht|2dx+ 4
∫
Ω
(|H|2|∇u|2 + |u|2|∇H|2)dx. (2.4)
Summing (2.3) with (2.4) up, it follows
d
dt
∫
Ω
(|∇u|2 + |∇H|2 + 2(H · ∇)u ·H)dx+
∫
Ω
(ρ|ut|2 + |Ht|2)dx
≤16
∫
Ω
(|H|2|∇u|2 + |u|2|∇H|2 + ρ|u|2|∇u|2)dx,
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and thus
sup
0≤s≤t
(‖∇u‖22 + ‖∇H‖22) +
∫ t
0
(‖√ρut‖22 + ‖Ht‖22)ds
≤(‖∇u0‖22 + ‖∇H0‖22) + 4 sup
0≤s≤t
∫
Ω
|H|2|∇u|dx
+ 10
∫ t
0
∫
Ω
(|H|2|∇u|2 + |u|2|∇H|2 + ρ|u|2|∇u|2)dxds. (2.5)
Applying H2 estimates to Stokes equations and elliptic equations, it follows from
(1.2) and (1.3) that
‖∇2u‖22 ≤C(‖ρut‖22 + ‖ρ(u · ∇)u‖22 + ‖(H · ∇)H‖22)
≤C(‖√ρut‖22 + ‖
√
ρ(u · ∇)u‖22 + ‖(H · ∇)H‖22) (2.6)
and
‖∇2H‖22 ≤ C(‖Ht‖22 + ‖(u · ∇)H‖22 + ‖(H · ∇)u‖22), (2.7)
where we have used the fact that 0 ≤ ρ ≤ ρ¯, which follows from equation (1.1) by the
characteristic method. Combining (2.5) with (2.6), together with (2.7), we obtain
sup
0≤s≤t
(‖∇u‖22 + ‖∇H‖22) +
∫ t
0
(‖√ρut‖22 + ‖∇2u‖22 + ‖Ht‖22 + ‖∇2H‖22)ds
≤(‖∇u0‖22 + ‖∇H0‖22) + 4 sup
0≤s≤t
∫
Ω
|H|2|∇u|dx
+ C
∫ t
0
∫
Ω
[|H|2(|∇u|2 + |∇H|2) + |u|2|∇H|2 + ρ|u|2|∇u|2]dxds. (2.8)
We have use the facts that
‖H‖6 ≤ C‖∇H‖2, ‖u‖6 ≤ C‖∇u‖2,
‖∇u‖6 ≤ C‖u‖H2 ≤ C‖∆u‖2, ‖∇H‖6 ≤ C‖H‖H2 ≤ C‖∆H‖2,
where, the first line can be easily proved by contradiction arguments based on the well
known compact embedding result H1 →֒→֒ L2(Ω), while the second line follows from
the elliptic estimates. Using these inequalities, it follows from the Ho¨lder inequality,
Sobolev inequality and Young inequality that∫
Ω
|H|2|∇u|dx ≤‖H‖24‖∇u‖2 ≤ ‖H‖1/22 ‖H‖3/26 ‖∇u‖2
≤C‖H‖1/22 ‖∇H‖3/22 ‖∇u‖2 ≤ ε‖∇u‖22 + C‖H‖2‖∇H‖32,∫
Ω
ρ|u|2|∇u|2dx ≤C‖√ρu‖2‖u‖6‖∇u‖26 ≤ C‖
√
ρu‖2‖∇u‖2‖∇2u‖22,∫
Ω
|u|2|∇H|2dx ≤‖u‖26‖∇H‖23 ≤ C‖∇u‖22‖∇H‖2‖∇H‖6
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≤C‖∇u‖22‖∇H‖2‖∇2H‖2 ≤ ε‖∇2H‖22 + C‖∇u‖42‖∇H‖22,∫
Ω
|H|2(|∇u|2 + |∇H|2)dx ≤‖H‖2‖H‖6(‖∇u‖26 + ‖∇H‖26)
≤C‖H‖2‖∇H‖2(‖∇2u‖22 + ‖∇2H‖22).
Substituting the above inequalities into (2.8), taking ε small enough, it follows from
Lemma 2.2 that
sup
0≤s≤t
(‖∇u‖22 + ‖∇H‖22) +
∫ t
0
(‖√ρut‖22 + ‖∇2u‖22 + ‖Ht‖22 + ‖∇H‖22)ds
≤2(‖∇u0‖22 + ‖∇H0‖22) + C sup
0≤s≤t
‖H‖2‖∇H‖32 + C sup
0≤s≤t
(‖√ρu‖2‖∇u‖2 + ‖H‖2‖∇H‖2)
×
∫ t
0
(‖∇2u‖22 + ‖∇2H‖22)ds+ C sup
0≤s≤t
‖∇u‖42
∫ t
0
‖∇H‖22ds
≤2(‖∇u0‖22 + ‖∇H0‖22) + C sup
0≤s≤t
(C20‖∇u‖42 + C0‖∇H‖32)
+ CC0 sup
0≤s≤t
(‖∇u‖2 + ‖∇H‖2)
∫ t
0
(‖∇2u‖22 + ‖∇2H‖22)ds,
completing the proof. 
By using the two lemmas above, we can prove the following a priori estimates.
Lemma 2.4. Let (ρ, u,H) be a strong solution to system (1.1)–(1.6) on (0, T ). Then,
there exists a positive constant ε0 depending only on ρ¯ and Ω, such that
sup
0≤t≤T
(‖∇u‖22 + ‖∇H‖22) +
∫ T
0
(‖∇2u‖22 + ‖∇H‖22)dt ≤ 4(‖∇u0‖22 + ‖∇H0‖22),
provided
C0(‖∇u0‖22 + ‖∇H0‖22) ≤ ε0.
Proof. Define functions E(t) and Φ(t) as follows
E(t) = sup
0≤s≤t
(‖∇u‖22 + ‖∇H‖22) +
∫ t
0
(‖∇2u‖22 + ‖∇2H‖22)ds,
Φ(t) = C20 sup
0≤s≤t
(‖∇u‖22 + ‖∇H‖22).
In view of the regularities of u and H , one can easily check that both E(t) and Φ(t)
are continuous functions on [0, T ]. By Lemma 2.3, there is a positive constant C∗,
such that
E(t) ≤ 2(‖∇u0‖22 + ‖∇H0‖22) + C∗[Φ(t)1/2 + Φ(t)]E(t). (2.9)
We take
ε0 = min
{
1
32C∗
,
1
128C2∗
}
,
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and suppose that
C20(‖∇u0‖22 + ‖∇H0‖22) ≤ ε0.
We claim that
Φ(t) < min
{
1
4C∗
,
1
16C2∗
}
, 0 ≤ t ≤ T.
Otherwise, by the continuity and monotonicity of Φ(t), there is T0 ∈ (0, T ], such that
Φ(T0) = min
{
1
4C∗
,
1
16C2∗
}
. (2.10)
On account of (2.10), it follows from (2.9) that
E(T0) ≤ 2(‖∇u0‖22 + ‖∇H0‖22) +
1
2
E(T0),
and thus
E(T0) ≤ 4(‖∇u0‖22 + ‖∇H0‖22).
Recalling the definition of E(t) and Φ(t), we deduce from the above inequality that
Φ(T0) ≤C20E(T0) ≤ 4C20(‖∇u0‖22 + ‖∇H0‖22) ≤ 4ε0 = min
{
1
8C∗
,
1
32C2∗
}
,
contradicting to (2.10). This contradiction implies that the claim is true.
By the aid of the claim we proved in the above, it follows from (2.9) that
E(t) ≤ 4(‖∇u0‖22 + ‖∇H0‖22), 0 < t < T,
completing the proof. 
Now, we can give the proof of Theorem 1.1.
Proof of Theorem 1.1: Let ε0 be the constant stated in Lemma 2.4 and suppose
that the initial data satisfies
(‖√ρ0u0‖22 + ‖H0‖22)(‖∇u0‖22 + ‖∇H0‖22) ≤ ε0.
By Lemma 2.1, there is a unique strong solution (ρ, u,H) to system (1.1)–(1.6).
Extend such local solution to the maximal existence time interval [0, T∗). We will
prove that T∗ = ∞. Suppose, by contradiction, that T∗ < ∞. By Lemma 2.1, the
time T∗ can be characterized as follows∫ T
0
‖(∇u,∇H)‖82dt <∞, for all 0 < T < T∗,
and ∫ T∗
0
‖(∇u,∇H)‖82dt =∞. (2.11)
By Lemma 2.4, for any 0 < T < T∗, there holds
sup
0≤t≤T
(‖∇u‖22 + ‖∇H‖22) ≤ 4(‖∇u0‖22 + ‖∇H0‖22),
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and thus
sup
0≤t<T∗
(‖∇u‖22 + ‖∇H‖22) ≤ 4(‖∇u0‖22 + ‖∇H0‖22),
which implies
∫ T∗
0
‖(∇u,∇H)‖82dt ≤ 44(‖∇u0‖22 + ‖∇H0‖22)4T∗ <∞,
contradicting to (2.11). This contradiction provides us that T∗ = ∞, and thus we
obtain a global strong solution. The proof is complete.
Acknowledgement. The first author is partially supported by CUSFWK0010000028.
The authors would also like to thank the referee for his/her comments and sugges-
tions.
References
[1] A. G. Kulikovskiy and G. A. Lyubimov, Magnetohydrodynamics, AddisonCWes-
ley, Reading, MA, 1965.
[2] L. D. Landau and E. M. Lifchitz, Electrodynamics of Continuous Media, 2nd ed.,
Pergamon, New York, 1984.
[3] M. Sermange and R. Temam, Some mathematical questions related to the MHD
equations, Comm. Pure Appl. Math., 36(1983), 635–664.
[4] G. Duvaut and J. L. Lions, Inequations en thermoelasticite et magnetohydrody-
namique, Ach. Rational Mech. Anal., 46(1972), 241–279.
[5] J. F. Gerbeau and C. Le Bris, Existence of solution for a density-dependent
magnetohydrodynamic equation, Adv. Differential Equations, 2(1997), 427–452.
[6] P. L. Lions, Mathematical topics in fluid mechanics. Vol. 1. Incompressible mod-
els, Oxford Lecture Series in Mathematics and its Applications, 3. Oxford Science
Publications. The Clarendon Press, Oxford University Press, New York, 1996.
[7] P. L. Lions, Mathematical topics in fluid mechanics. Vol. 2. Compressible models,
Oxford Lecture Series in Mathematics and its Applications, 10. Oxford Science
Publications. The Clarendon Press, Oxford University Press, New York, 1998.
[8] X. P. Hu and D. H. Wang, Global existence and large-time behavior of solutions
to the three-dimensional equations of compressible Magnetohydrodynamic flows,
Arch. Rational Mech. Anal., 197(2010).
[9] X. P. Hu and D. H. Wang, Global solutions to the three-dimensional full compress-
ible Magnetohydrodynamic flows, Commun. Math. Phys., 283,(2008), 255-284.
[10] J. S. Fan and W. H. Yu, Global variational solutions to the compressible magne-
tohydrodynamic equations, Nonlinear Analysis, 69(2008), 3637–3660.
[11] E. Feireisl, Dynamics of viscous compressible fluids, Oxford Lecture Series in
Mathematics and its Applications, 26. Oxford University Press, Oxford, 2004.
10 HUAJUN GONG AND JINKAI LI
[12] E. Feireisl, A. Novotny´ and H. Petzeltova´, On the existence of globally defined
weak solutions to the Navier-Stokes equations, J. Math. Fluid Mech., 3(4)(2001),
358–392.
[13] B. Ducomet and E. Feireisl, The equation of Magnetohydrodynamics: on the
interaction between matter and ration in the evolution of gaseous stars, Commun.
Math. Phys., 266(2006), 595–629.
[14] Q. Chen, Z. Tan and Y. J. Wang, Strong solutions to the incompressible magne-
tohydrodynamic equations, Math. Methods Appl. Sci., 34(1)(2011), 94–107.
[15] H. W. Wu, Strong solutions to the incompressible magnetohydrodynamic equa-
tions with vacuum, Comput. Math. Appl., 61(9)(2011), 2742–2753.
[16] X. D. Huang and Y. Wang, Global strong solution to the 2D nonhomogeneous
incompressible MHD system, J. Differential Equations, 254(2)(2013), 511–527.
[17] J. S. Fan and W. H. Yu, Strong solution to the compressible magnetohydrody-
namic equations with vacuum, Nonlinear Anal. Real World Appl., 10(1)(2009),
392–409.
[18] X. L. Li, N. Su, and D. H. Wang, Local strong solution to the compressible mag-
netohydrodynamic flow with large data, J. Hyperbolic Differ. Equ., 8(3)(2011),
415–436.
[19] X. L. Li and D. H. Wang, Global strong solution to the three-dimensional density-
dependent incompressible magnetohydrodynamic flows, J. Differential Equations,
251(2011), 1580–1615.
[20] W. Von Wahl, Estimating ∇u by divu and curlu, Math. Methods Appl. Sci.,
15(1992), 123–143.
[21] Y. Zhou, Remarks on regularities for the 3D MHD equations, Discrete Contin.
Dyn. Syst., 12(5)(2005), 881–886.
[22] Y. Zhou, Regularity criteria for the 3D MHD equations in terms of the pressure,
Internat. J. Non-Linear Mech. 41(10)(2006), 1174–1180.
[23] Y. Zhou, Regularity criteria for the generalized viscous MHD equations, Ann.
Inst. H. Poincar Anal. Non Linaire,24(3)(2007), 491–505.
(Huajun Gong) The Institute of Mathematical Sciences University of Science and
Technology of China, Anhui, 230026, P.R.China
E-mail address : huajun84@ustc.edu.cn
(Jinkai Li)The Institute of Mathematical Sciences, The Chinese University of Hong
Kong , Hong Kong. Also Department of Computer Science and Applied Mathematics,
Weizmann Institute of Science, Rehovot 76100, Israel
E-mail address : jklimath@gmail.com
